A comprehensive search for "broad" Feshbach resonances (FRs) in all possible combinations of stable alkali-metal atoms is carried out, using a multi-channel quantum-defect theory assisted by the analytic wave functions for a long-range van-der-Waals potential. A number of new "broad" s-, p-and d-wave FRs in the lowest-energy scattering channels, which are stable against two-body dipolar spin-flip loss, are predicted and characterized. Our results also show that "broad" FRs of p-or d-wave type that are free of two-body loss do not exist between fermionic alkali-metal atoms for magnetic field up to 1000 G. These findings constitute helpful guidance on efforts towards experimental study of high-partial-wave coupling induced many-body physics.
I. INTRODUCTION
Feshbach resonance (FR) enables versatile tuning of effective interactions between ultracold atoms [1] . It has facilitated a wealth of interesting studies on few-and many-body physics using ultracold quantum gases. Of particular interests to experiments are "broad" FRs with open-channel dominated characteristics [1] , where the effective interaction between atoms can be modeled as a single-channel scattering problem and the long-range van-der-Waals universality applies [2] .
Capitalizing on the "broad" [1, 2] s-wave FRs in fermionic 6 Li and 40 K, which feature small two-body and three-body collision losses, tremendous advances have been achieved in the study of BEC-BCS crossover and the unitary Fermi gas [3] [4] [5] [6] [7] [8] [9] [10] [11] . The study of atomic gases near "broad" FRs of nonzero partial waves, on the other hand, has only witnessed limited activities, although they are predicted to exhibit richer physics accompanied by quantum phases nonexistent with s-wave interactions [12] [13] [14] [15] [16] . This dichotomy is mainly due to the fact that "broad" high-partial-wave FRs which are stable against collision losses have yet to be found. In fact, "broad" nonzeropartial-wave FRs have so far only been reported in 85 Rb-87 Rb mixtures [17] [18] [19] and 41 K atoms [20] . However, FRs studied in these systems exhibit substantial collision losses due to the bosonic nature of the atoms.
In this paper, we summarize the main results from an extensive search of "broad" s-, p-and d-wave FRs in all possible combinations of stable alkali-metal atoms. In particular, we focus on FRs in the lowest-energy scattering channels where the exothermic two-body dipolar spin-flip collision cannot occur. The search is carried out using an analytic multi-channel quantum-defect theory * bo.gao@utoledo.edu † mengkhoon tey@mail.tsinghua.edu.cn (MQDT) [2, [21] [22] [23] . This theory provides the simplest description of magnetic FRs in alkali-metal interactions, using only three parameters for all partial waves. This simplicity and efficiency make it ideal for exploring trends and qualitative features in a large number of systems.
The main results of the current work can be summarized as follows: First, new "broad" s-, p-and d-wave resonances are predicted in many alkali-metal systems. The systems that exhibit rich spectra of "broad" nonzero partial-wave FRs include pure 41 Cs mixtures. Second, "broad" p-and d-wave FRs free of two-body loss are not found in all fermionic alkali-metal gases (including their mixtures) for magnetic field up to 1000 G. Third, the 41 K gas contains a unique and extraordinarily "broad" d-wave shape resonance [20] . Due to its real single-channel feature, this resonance could be of particular interest for studying d-wave interaction induced many-body physics.
The paper is organized as follows. Section II presents the main results of our search, with Sec. II A reporting the FRs for the fermionic alkali-metal gases, and Sec. II B for the "broad" resonances of all other alkali-metal systems, including those between bosonic atomic species, as well as between fermionic and bosonic species. The "broad" d-wave shape resonance of 41 K, which was first studied in Ref. [20] , is highlighted and discussed in detail in Sec. II C. Section III briefly describes the theoretical model adopted for our study. It includes the essential computation details needed for obtaining the results presented in this work. Sec. IV concludes this work. Appendixes A and B contain computation details and tabulate the optimized parameters we used for all alkali-metal systems.
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II. MAIN RESULTS
This section reports the FRs predicted using our model for all combinations of stable alkali-metal atoms. As our main motivation is to find low-loss FRs that are potentially useful for the study of many-body physics, we focus only on the lowest-energy scattering channels (open channels) where exothermic two-body dipolar spin-flip collisions are forbidden. Exceptions are made for pure homonuclear fermionic gases, where we include both the two lowest-energy scattering channels since two-body relaxations cannot occur in the excited one due to the Pauli exclusion principle.
Furthermore, since we aim mainly at "broad" FRs which arise from the strong electronic (Coulomb) coupling between the open channel and the closed channel, our model ignores the weak anisotropic magnetic dipoledipole [24, 25] and second order spin-orbit [26, 27] interactions between the atoms. Consequently, all supposedly "narrow" FRs arising from the coupling between open and closed channels with different partial waves or with different m f1 +m f2 would be missed out from our searches [m fi is the azimuthal spin of the magnetic-field-dressed hyperfine state |f i m fi (i = 1, 2) (Eq. (A5)) of the two colliding atoms].
We characterize every predicted resonance by its position B 0l , resonance width ∆ Bl , normalized background scattering lengthã bgl , differential magnetic moment between the molecular and atomic state δµ l , experimentally measured position B expt 0l
(if observed), and the resonance strength parameter ζ res . The last parameter is of most interest since it indicates whether a resonance is "broad" (|ζ res | 1) or "narrow" (|ζ res | 1) [2] . The detailed definitions of the aforementioned parameters follow from the notations of Gao [2] , and can be found in Sec. III.
The accuracies of our predictions for the resonance positions are typically within a few percent, which are not as high as those obtained using coupled-channel (CC) calculations based on full molecular potentials. Nevertheless, it should be largely sufficient for identifying systems and resonances of interest. For any particular system and/or resonance, the description can be further refined when necessary.
A. FRs in fermionic alkali-metal systems
FRs between fermionic atoms play a special role in the experimental study of ultracold gases, not only because Fermi statistics of the atoms are essential for quantum simulation studies of condensed matter models, but also because Fermi statistics help to suppress three-body and many-body recombination [28] , and to form long-lived strongly interacting systems. The stable strongly interacting Fermi gas near the 832-G "broad" s-wave resonance of 6 Li is perhaps the most celebrated example. By the same token, it is highly desirable to find "broad" high-partial-wave FRs in fermionic systems. In this subsection, all "broad" s-, p-, and d-wave FRs in the lowest-energy scattering channels for all other alkalimetal systems are presented. Taking the possible uncertainty of ζ res (due to the approximations adopted in our model) into consideration, we extend the range of listed "broad" FRs to |ζ res | ≥ 0.5. Table II shows the results for homonuclear alkali-metal systems. "Broad" d-wave resonances are found in bosonic 41 K, 87 Rb and 133 Cs atoms. Table III , IV, V and VI show the results for alkalimetal mixtures Li-X (X being isotopes of Li, Na, K, Rb and Cs), Na-X (X being isotopes of K, Rb and Cs), K-X (X being isotopes of K, Rb and Cs) and Rb-X (X being isotopes of Rb and Cs), respectively. The systems that exhibit "broad" The parameter δµ l is the differential magnetic moment between the closed and open channels in a typical magnetic Feshbach resonance [2] . For a shape resonance where the molecular state is also supported by the open channel, δµ l should be read as an effective parameter.
The observed triplet structure of a d-wave FR. When the triplet structure is not observed, the open channel of the FR cannot be unambiguously confirmed to be d wave. The observed feature can also come from the coupling between an s-wave open channel to a d-wave closed channel [19] . Among the resonances in all possible combinations of alkali-metal atoms, a unique d-wave shape resonance is identified in the lowest-energy scattering channel of 41 K atoms, which was observed recently by Yao et al. [20] . This is a particularly interesting resonance, not only because it has the advantage of being very "broad" true single-channel resonance [1] , but also because it can be conveniently tuned into or out of resonant by applying a magnetic field like a normal magnetic FR.
The single-channel character of the resonance can be demonstrated by plotting the bound-state spectra of the scattering channel. The top panel of Fig. 1 shows the dimensionless d-wave reduced generalized scattering length,ã l (B)/ā l (Eq. (10) Table VII. Even though shape resonances can offer very "broad" high partial wave interactions, they are typically not easily accessible due to the small magnetic sensitivity of the bound state energy with respect to the threshold energy in a single channel. The shape resonance in 41 K represents a stroke of luck and is the only kind found in all alkali-metal systems, where the least bound d-wave state of the open channel is accidentally located very close to its threshold. For comparison, the p-wave shape resonance in 40 K atoms and the d-wave one in 87 Rb atoms can only be accessed by preparing the atoms with collision energies at ∼ k B (280 µK) [49] (k B being the Boltzmann constant) and at ∼ k B (270 µK) [50, 51] , respectively, or by using indirect approaches [52] . Therefore, the "broad" shape resonance in 41 K atoms mentioned above, which is easily accessible by tuning magnetic field, could find important applications in studying many-body physics with anisotropic interactions. 1 , 1 ) ( 1 , 1 ) 
FIG. 1. (Color online
) Top panel: Calculated d-wave reduced generalized scattering length as a function of magnetic field for the 41 K|1, 1 + 41 K|1, 1 scattering channel. The black arrow denotes the position of the shape resonance. Bottom panel: Energies of the weakly bound molecular states relative to the dissociation threshold of the channel. The bound states are labeled as n(f1, m f 1 )(f2, m f
III. PREDICTING AND CHARACTERIZING FESHBACH RESONANCES USING MQDT
In this study, a computationally simple MQDT assisted by the analytic wave functions for the long-range van-der-Waals (vdW) potential [21, 53] is used to predict and describe FRs. This analytic MQDT approach has already been successfully applied and discussed in great length before [2, 22, 34, [54] [55] [56] . The main focus of this section is to provide its essential physical picture and to make our model and computations transparent for the less familiar readers.
The Hamiltonian that describes the collision between two alkali-metal atoms is given by
where µ is the reduced mass, r is the interatomic separation,l is the molecular orbital angular momentum operator, andV (r) is the interatomic-interaction potential operator. For alkali-metal atoms in the ground hyperfine manifold placed under a static magnetic field B z , the free monomer HamiltoniansĤ 1 andĤ 2 are given bŷ
where ζ i denotes the hyperfine coupling constant,î i and s i are the nuclear and electronic spin operators of atom i (i = 1, 2), µ B is the Bohr magneton, g n and g e are the nuclear and electronic g-factors.
Eigenstates of the Hamiltonian in Eq. (2) define the asymptotic magneticfield dressed hyperfine basis |f 1 m f1 |f 2 m f2 used in our calculation.
In our model, the interaction termV (r) includes only the dominating isotropic electronic Born-Oppenheimer (BO) potentials [1] .
The weak anisotropic spindependent interactions, which include the magnetic dipole-dipole [24, 25] and the second order spin-orbit [26, 27] interactions, are ignored. Dropping the weaker interactions is not too much of a concern for our search of "broad" FRs, since the FRs induced by the weak anisotropic coupling are expected to be "narrow". Besides, doing so also removes the coupling between open and closed channels with different partial wave l as well as those with different m f1 + m f2 , thereby greatly simplifies the computations.
An N -channel scattering problem can generally be described by a set of N linearly independent wave functions
Here, φ i (τ ) denotes the function of channel i describing all degrees of freedom except the interatomic separation r. Constructing an N × N matrix F(r) with elements F ij (r), one can show that F(r) satisfies the close-coupled radial Schrödinger equation
where E is the total energy, I is the identity matrix, and W(r) denotes the coupling matrix with elements
In principle, with the complete knowledge of W ji (r), it is possible to predict FR positions with very high accuracy (within 1-Gauss uncertainty) by solving Eq. (4) numerically. In practice, however, determining W ji (r) requires Herculean effort in data-fitting W ji (r) to vast amount of experimentally measured spectroscopic values, an overwhelming process consuming more time than in the current work (cf. [57] ).
The MQDT we adopt [22, 54, [58] [59] [60] [61] [62] greatly simplifies the task to predict FRs. It takes advantage of the large differences in the energy and length scales between the short-range and the long-range potentials inV (r). As r is reduced below the exchange-interaction range r 0 (typically around 30 a.u.), the energy splitting between the singlet-and triplet-state potentials inV (r) gradually overtakes the hyperfine and Zeeman energies inĤ i . Since the maximum depths of the singlet and triplet potentials are of the order of 10 to 100 THz, the long-range dominatingĤ i which are of the magnitudes of a few GHz have essentially no influence on the short-range (r < r 0 ) wave functions. Therefore, for the magnetic field range of 0-1000 G considered in this work, one can effectively use two constants, K c s and K c t , to reflect the overall effects of the singlet and triplet potentials to the long-range wave functions, negating the need for precise knowledges of the short-range part of W(r). Physically, the two quantum defects define the boundary conditions at r 0 for the long-range wave functions.
For r ≥ r 0 , the exchange interaction can be neglected and W(r) becomes diagonal in the asymptotic channel basis (namely, the eigen-energy basis ofĤ 1 +Ĥ 2 ), giving
where
and l i are, respectively, the threshold energy and orbital angular-momentum quantum number for channel i, and −C 6 /r 6 is the long-range vdW potential. The higher-order dispersion terms (such as −C 8 /r 8 and −C 10 /r 10 ) in the long-range potential are ignored. While such omission reduces the accuracy of our predictions, it allows us to make use of the analytic wave functions for the vdW potential, thereby enables highly efficient numerical computations.
The Schrödinger equation with the potential of Eq. (6) is solved analytically in Ref. [21] , and a pair of linearly independent base functions f c sl (r s ) and g c s l (r s ) that are insensitive to energy and partial-wave variations at shortrange (r s → 0) can be defined [as given by Eq. (12) of Ref. [63] ]. Here, r s = r/β 6 with β 6 = (2µC 6 / 2 ) 1/4 being the length scale of the vdW interaction. Employing the MQDT as discussed earlier, the long-range (r > r 0 ) solutions of Eq. (4) can be written as
Here, f (r s ) and g(r s ) are N ×N diagonal matrices with el- satisfy the short-range boundary conditions. The matrix A, which is to be determined by the long-range boundary conditions at r → ∞, ensures that the final solutions are physical.
The scattering problem considered in this work has only one open channel and N c = N − 1 closed channels, i.e. E ∞ 1 < E and E ∞ i>1 > E. The long-range boundary condition requires the closed-channel components to vanish at r → ∞, namely, lim r→∞ F ij (r) → 0 for i > 1. Under this condition, there is only one physical solution and its long-range wave function is given by
where χ c is a N c × N c diagonal matrix with elements 
In calculating FRs of atoms at ultracold temperatures, we set s1 = 0 and will denote K 
is the mean scattering length for the l-th partial wave,ā sl being an l-dependent constant [64] . A FR occurs whenã l (B) diverges to infinity, i.e. when the denominator of Eq. (10) becomes zero:
Around the resonance position B 0l ,ã l (B) varies approx-
, a form which defines the parameters we tabulate for each FR. Using these parameters, the resonance strength ζ res can be obtained by [2] 
The parameter ζ res is used to define the "broadness" of a FR. The differential magnetic moment δµ l is defined by 
Within the MQDT model discussed above, the prediction of FRs in arbitrary partial waves requires just three parameters [22, 34, 55] : the vdW coefficient C 6 and the singlet (triplet) scattering length a s (a t ) which is related to K c s (K c t ) (Appendix B), in addition to parameters for inherent atomic properties such as the atomic masses and hyperfine splittings. The predictive power of the analytic MQDT has been proven previously in systems such as 40 [18, 19] . The predictions by our MQDT are generally not as accurate as those offered by numerical coupled-channel calculations based on the full knowledge of the molecular potentials of the collision pairs. However, at the expense of accuracy, the simplification made by MQDT gains substantial advantages in efficiency and in negating the need of short-range molecular potentials, the latter is particular useful since not all the molecular potentials of alkali-metal systems are well known.
In our investigation of FRs in alkali-metal systems, we optimize the three parameters C 6 , a s and a t to minimize the discrepancies between the calculated and the measured positions of previously known resonances. However, for systems without available experimental data, the accuracy of the predictions is then determined by the reliability of the three input parameters taken from the relevant references and the applicability of the simplified MQDT model. The parameters we adopt for all the alkali-metal systems are listed in Appendix B. We caution that these numbers are not to be taken as more accurate than those adopted in other coupled channel calculations.
IV. CONCLUSION
In summary, we report the calculated results for all the "broad" s-, p-, and d-wave FRs free from two-body loss in alkali-metal systems for magnetic field range of 0-1000 G, based on a simple analytic MQDT. A number of systems exhibiting "broad" high partial-wave FRs and several extraordinarily "broad" resonances are identified and highlighted. Our results help to categorize systems suitable for experimental studies of universal properties in strongly interacting atomic gases. We find that "broad" p-or d-wave FRs in the lowest-energy scattering channels do not exist for all possible fermionic alkali-metal combinations. This encourages further explorations for low-loss "broad" high partial-wave FRs in fermionic atoms to go beyond alkali-metal systems.
Once deciding on a system or a resonance of interest for further experimental study, a more precise characterization is possible if needed. For a single resonance, this can be achieved by measuring the binding energies of the corresponding Feshbach molecule and following the analysis embedded in Ref [2] . At a system level, including all its resonances, improved characterization can be achieved using CC calculations (see, e.g., [57] ) or numerical MQDT (see, e.g., [56] ) if precise potentials are available, or using multiscale MQDT along the line of Ref.
[65] to take into account potentials of shorter range, such as the −C 8 /r 8 potential.
∞ i |), one can approximate them by, say,f c (r s ) andḡ c (r s ), respectively, around r 0 . Together, the two aforementioned properties mean that, near r 0 , the spatial wave function in the |IM I SM S basis can be most conveniently written as
where K c(IS) is a diagonal matrix with elements
Here, K 
with ω
can be expanded as
In calculating Eq. (A4), the |f k m f k states of the two atoms (k = 1, 2) for channel i or j need to be expanded as follow
where the |m s k , m i k is the simplified notation of the uncoupled |s k m s k , i k m i k basis for atom k (k = 1, 2). The expansion coefficients a and b can be easily obtained from the Breit-Rabi formula [34, 66] . Making use of Eqs. (A3-A5) and the properties of the Clebsch-Gordan coefficients, one can show that K c ij is given by
with ∆m f1 defined as ∆m f1 = m 
where the ± sign is determined by the parity of 2I + 1 + l.
The normalization constant C i and C j are The singlet scattering length a s , the triplet scattering length a t , and the vdW coefficient C 6 adopted in this work for every alkali-metal system are listed in Table VIII. For systems with available experimental data on FRs, these parameters are optimized to give the best overall agreements between the predictions based on our theory and the experimentally measured resonance positions. As such, some of them are adjusted from the values given in the references. The singlet and triplet scattering lengths a s and a t are related to K 
